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Nomenclature

d = distance between two adjacent bodies within the
row

e = ellipsoid eccentricity
l = rod half-length
m = number of rods within a row
p = pressure
s = a point along the rods axis
u = velocity vector
u; v; w = components of velocity in the normal, n,

tangential, s, and binormal, b, directions
respectively

�ji �s�, �
j
i �s� = intensities of Stokeslets and doublets at point s

" = slenderness ratio of an individual rod
� = dynamical viscosity
� = density

I. Introduction

R ECENT advances in microelectronics and communications
technology have made millimeter-sized unmanned aerial

vehicles (UAVs) feasible. Such vehicles are similar in size to insects,
and therefore it is of interest to study the solutions that small insects
have found for flying. The thrips family of insects has wingspans of
order 1 mm (see Fig. 1) and exhibits unusual wings of comblike
planform, with solidity ratios of 0.2 and less. We recently used this
principle [1] to produce micro-aerodynamic decelerators with
discontinuous surfaces.

An experimental study [2] of enlarged models of thrips wings has
shown that the forces produced can be similar to those of solidwings,
forRe� o�10�. Recently, the authors have performed an analysis [3]
calculating the flow around a row of slender ellipsoidal bodies
moving with uniform and constant speed in creeping (Re� 1) flow.
For spacing ratios (ratio of distance between neighboring rod axes to
rod diameter) of up to 10, comb wings produce over 90% of the
forces obtained on a continuous wing in gliding flight. This means
that miniature aerodynamic decelerators can save up to 90% in
weight while sacrificing only less than 10% in performance. This

prediction strengthens our previous results [1] for bodies with
surfaces consisting of two-dimensional netting with various solidity
ratios, which sank at comparable speeds to continuous surfaces
weighing over three times the net weights.

Here, flapping motions of comb wings, modeled by a finite row of
slender bodieswith different speeds depending on position in the row
(see Fig. 2) are calculated based on the method presented in the next
section. This provides a mathematical tool for the future design of
small flapping wing UAVs based on thrips wings.

In this paper we calculate the flowfield around a finite row of
slender bodies, in which the velocity of each rod is linearly
proportional to the distance of the rod’s center of mass from an
arbitrary point along the line connecting these centers (Fig. 2),
representing the “shoulder”. This models a rigid comb wing
consisting of rods perpendicular to the wing axis, flapping around a
shoulder joint, that is, the wing root.

Motion in the three principal directions is calculated, describing a
power stroke (normal flow), a feathered recovery stroke (tangential),
and a possible retracting motion (binormal). Any combination of
these can then be obtained by superposition.

II. Analysis

All existing solutions for multiple slender bodies in creeping flow
[3–6] assume that the bodies all move with equal speed. However,
flapping flight is characterized by a linear increase of the flapping
velocities from the root of the wing (attached to the shoulder) to the
wing tip. We calculate the forces on the rods constituting the wing
and the velocities induced by them by distributing singularities
(Stokeslets and doublets) along the rods’ longitudinal axes. This
results in a system of integral equations for the forces. This is a
generalization of our previous work [3] on uniform speeds on the
comb.

Fig. 1 Picture of a typical thrips [7].
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The calculation provides the forces on each rod, which essentially
define the “leakiness” of the array (comb) as the forces are
proportional to the local relative air speed. Thus, a rodwith zero force
means that it produces the same flow as a continuous wing, and a
value of 0.04 means that there is a 4% loss of force relative to a
section of continuous wing. Components of the forces are calculated
in the three coordinates, as shown in Fig. 2:
n, normal: the direction normal to the comb plane;
s, tangential: the direction of the rods’ longitudinal axes in the

comb plane;
b, binormal: the direction of the wing span in the comb plane.
The normal component is obtained during the power stroke, that

is, the wing is moved downwardswhile rotating around the shoulder.
The tangential component appears where the wing is moved in the
chordwise direction, that is, the wing is pulled back during the
recovery stroke with the leading edge forward. The binormal
component appears where the wing is pulled in the spanwise
direction. Insects use combinations of these, with much more
complex wing motions [7], both to gain unsteady effects not
discussed in this paper and to minimize the loses due to the recovery
stroke. The Stokes equations and the boundary conditions are linear,
so that such complex motions can be described by combinations of
the components calculated here. As already mentioned, the full
mathematical model appears in [3], whereas here we present the
relevant highlights and main points.

To obtain an analytical solution, we approximate the rods by
extremely slender ellipsoids (see Fig. 2), thus enabling the use of
singularities to describe the flowfield induced by a finite row of
parallel rods immersed in an unbounded incompressible fluid
moving atRe� 1 (Stokes flow). Themotion can be in any direction
relative to the ellipsoids. Motion of the row induces flow around and
between the ellipsoids. This induced flow ranges far from the bodies
due to the dominant viscous effects at the low Reynolds numbers
considered. Normalizing all geometric measurements with respect to
half body length, we define the slenderness ratio " as the maximal
radius of the ellipsoid and d as the distance between the centers of
two adjacent bodies.We study caseswhere 1� d� ". The number
of rods m can be any integer from two upwards. We compute this
flowfield to determine the range of parameters (",d, andm values) for
which the ellipsoids will “drag” the fluid between them, and the flow
over the whole row of slender bodies will approach that of a
continuous surface.

The Stokes flow equations [8]

rp� �r2 �u (1)

r � �u� 0 (2)

are solved for the velocity u and pressurep in a fluidwith viscosity�
with given velocities. The equations are linear and so it is sufficient to

solve for motions along the three orthogonal principal directions.
Translation in any other direction is a linear combination of those
three.

We use a coordinate system [8] that is tangential, normal, and
binormal to the bodies’ major axes es, en, and eb (see Fig. 2). Each
individual body is represented by a distribution of Stokeslets and
doublets along its axis between its foci [3]. The intensities of these
singularities are now found by imposing the no-slip condition at the
rod surfaces, recalling that rod i is moving at velocities vi�s; r1;  �,
ui�s; r1;  �, wi�s; r1;  � along the es, en, and eb directions at any
arbitrary point �s; r1;  � on the surface of each ellipsoid.

Denoting the intensities of the Stokeslets and doublets that are
situated at point s on the axis of the ith ellipsoid (i� 1; . . . ; m) and
act along the jth direction (j� s, n, or b) by �ji �s� and �

j
i �s�,

respectively, and defining

e2 � 1 � "2 (3)

the relation between the Stokeslet and doublets strengths for each
ellipsoid is given by [9]

�ji �s� �
"2

2
�ji �s��e2 � s2� (4)

The velocities at point �s; r1;  �, that is, at the cross-sectional plane
situated at height s that has the polar coordinates �r1;  �, are
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where L� ln �2="�.

Fig. 2 Schematic description of the comb wing.
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Having obtained the intensities of the singularities, we now
calculate the flowfield around the row. Most of the fluid moves
around the edges of the finite row, but some penetrates between row
members. The penetrating flow causes a shear force on the body in
the direction of the flow and linearly proportional to the speed.

The force exerted on the ith rod is

Dj
i � 8��

Z
e

�e
�ji �s� ds (8)

where j� n; s; b and i� 1; . . . ; m. The forces calculated are directly
proportional to the leakiness (the ratio of the penetrating fluid mass
flux and the undisturbed flux) of the row, which itself is proportional
to the loss of force of the comb wing relative to the full wing of the
same covered area.

The normal velocity at a point (x; y; z) of the ambient fluid, which
is at distance r� �rs; rn; rb� from point s on the axis of any rod, is
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ds (9)

The tangential and binormal velocity components can be calculated
in likewise manner.

III. Results

The difference in the forces between a row of rods that move with
uniform speed and onewith velocities growing linearlywith distance
from the shoulder with average speed equal to the uniform speed is
shown in Fig. 3. Here we used the data for the wing of our gliding
UAV [10], that is, 1:5 
 10�3 m span and 2 
 10�3 m chord. The
rods are of length 2 
 10�3 m (wing chord) and 5 
 10�6 m
(maximal diameter). The interrod spacing d is 25 
 10�6 m.

The total force on the row is almost the same for the two cases, as
the aerodynamic forces produced in creeping flow are linearly
dependent on the velocity. However, the distribution of the forces
within the row is completely different. In the symmetrical situation
[3], the force is minimal at the central part of the uniformly moving
row, as most of the flow is deflected around the row as a whole.
Losses appear mainly near the ends of the row. For the present case,
we obtain a monotonic, highly nonlinear distribution of forces. The
slower rods are essentially carried along by the flow generated by the
other rods. Thus, an opposite force is required to slow them down
(Fig. 3).

In an optimally designed wing, wewould like to use as few rods as
possible (to reduce the total weight) per unit total force obtained on
thewing. Thus, one should omit every rod that does not contribute, or
contributes little, to the total force, like the rods close to the shoulder.
Next, we compare wings of given span and fixed rod spacing, with a
varying number of rods, obtained by having the rods placed at
different distances from the shoulder.

The first case is of a wing with rods distributed evenly from the
shoulder all the way to the wingtip, which has 60 evenly spaced rods.
The first rod is taken to have an average nondimensional speed of
0.016 and the speed of consecutive rods is greater by the same
increment, so that the tip velocity is unity and the average velocity is
0.5. The normal force distribution appears in Fig. 4, where the
abscissa indicates the rod number, counting from the shoulder
outwards toward thewingtip. The ordinate shows the force on the rod
divided by the force on a single rod of equal dimensions moving at
the same speed around the shoulder axis. Thus, the fact that the
numbers are much smaller means that the relative speed each rod
experiences is close to zero, that is, that of a continuous wing. The 15
rods closest to the shoulder actually move more slowly than the flow
around them and, actually, as mentioned previously, reduce the total
force produced during the downstroke.

This is compared in Fig. 4 to wings of equal span, comprising 50,
40, 30, 20, and even 10 rods, equally spaced but starting further away
from the shoulder, so that the slowest rod is moving at a larger speed

for arrays with less rods. The negative contribution of the slowest
rods becomes less significant when the closest rod is farther away
from the shoulder and vanishes altogetherwhen the number of rods is
30 or less. Actually the “turning point” disappears for about 35 rods,
but this is array dependent. Figure 4 also shows that the leakiness is
identical for rods in the interior of the row, for all except the 10 rod
wing. The latter does not have rods enough to constitute a “center.”

The magnitude of the effect of eliminating the rods closest to the
shoulder depends on the direction of motion but is qualitatively the
same for all directions. Figure 5 shows the nondimensional values of
the coefficients for the three major directions, normal, tangential and
binormal, for the six configurations described above.

Fig. 3 Distribution of leakiness (losses relative to a full wing) as a

function of spanwise position for a uniform velocity of 0.5 nondimen-
sional units (diamonds), and for flapping, where the speed is in the range

0–1 (squares). The row has 60 rods, and rod no. 1 is closest to the

shoulder.
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The 30 rod wing has the best performance, that is, the best
combination of forces in the normal direction and ratio (Fig. 6) of
normal to tangential speed. For a single rod, extrapolation of the
curves gives the classical result of the normal force being
approximately twice the tangential force. Also, for a single rod, the
force in the binormal direction is identical to the normal force for a
rotationally symmetric body. For large numbers of rods, the binormal
force tends to approach the tangential coefficient. This trend can be
explained by the fact that for a row with large numbers of rods, flow
in the binormal direction “sees” an almost continuous surface thus
approaching the situation for tangential flow.

For flapping wings, the simplest model of the power stroke is
motion of the rods along the normal direction while one of their ends
is fixed (u� 0) with linearly increasing velocity. The simplest
recovery stroke consists of feathered motion in the tangential
direction. And so, for net flapping cycle downward force, the ratio
between these two forces will determine the effectiveness. Figure 6
shows that about 60–65% of the downward force was lost on the
recovery stroke.

More complex motions probably improve the ratio between the
forces gained by the power stroke and lost by the recovery stroke.

IV. Conclusions

In a previous paper [3], we developed the method of calculating
creeping flow around rows of slender ellipsoids by means of the
distribution of singularities along the centerlines of these bodies. The
present paper applies this to flapping wings. Our results indicate that
the part of the span closest to the shoulder is ineffective and can even
hinder the movement. This prediction is supported by the fact that
insect wings (see Fig. 1) do not have bristles close to the shoulder,
and the nearest bristles are of smaller size. Naveh et al. [10]
constructed a nano-UAV with bristled wings, saving much weight.
Our results indicate that such a wing acts almost as a full wing. Thus,
the reduction of weight is a pure gain in effectiveness.

Extensions of the present work, such as nonlinear variation of
speed in the spanwise direction and flexibility of the wing, can better
simulate motion of a bristled comb wing [2,11] and are relatively
simple to accomplish. For example, spanwise flexibility is modeled
by having the rods positioned along a curved surface instead of being
in a plane. Angles of attack (AOA) and sideslip are treated by
breaking up the velocity into two (AOA) or three (sideslip)
components to obtain the singularity distribution. Dealing with
several dozen bodies simultaneously, and considering the fact that
we cannot use symmetrical distributions of intensities as in the
uniform velocity case, we had to reduce the number of numerical net
points to enable a solution. However, we validated (by comparing

solutions obtained for several numerical grids) that our solution
converges even for sparse grids, for example, 50 points are sufficient
to accurately describe a slender body of ratio> 100. In general, there
was no other way to be sure that the errors involved with our
computations are reasonably low but to check the deviation of the
velocity induced by our computed solution with the dictated no-slip
velocity. The degree of inaccuracy was shown to be less than 3% for
the various cases solved. For the aforementioned example, we found
that the highest relative errors of the velocity are obtained at the tips
of the ellipsoids at the shoulder end of the row (<2:5% for both
normal and binormal directions). The forces are small anyway in that
region. The errors quickly decrease to 0.5% (and even less) towards
the “faster half” of the body and towards the center of the wing.

Unfortunately, there is almost no data available concerning the
exact structure andmotion ofwings of theminiature insects that have
comb wings. Once such data is available, it might be beneficial to
formulate a model for more complicated or nonuniform situations
within the row, for example, velocity that changes in a nonlinear
fashion along the axis or row, or other shapes of slender bodies. Thus,
flapping wing, highly efficient and extremely light nano-UAVs
based on comb wings will be possible.
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